This is the second paper in a series of two. The goal of the series is to give a polynomial time algorithm for the 4-coloring problem and the 4-precoloring extension problem restricted to the class of graphs with no induced six-vertex path, thus proving a conjecture of Huang. Combined with previously known results this completes the classification of the complexity of the 4-coloring problem for graphs with a connected forbidden induced subgraph.
Introduction
All graphs in this paper are finite and simple. We use [k] to denote the set {1, . . . , k}. Let G be a graph. A k-coloring of G is a function f : V (G) → [k]. A k-coloring is proper if for every edge uv ∈ E(G), f (u) = f (v), and G is k-colorable if G has a proper k-coloring. The k-coloring problem is the problem of deciding, given a graph G, if G is k-colorable. This problem is well-known to be N P -hard for all k ≥ 3.
Let G be a graph. For X ⊆ V (G) we denote by G|X the subgraph induced by G on X, and by G \ X the graph G|(V (G) \ X). We say that X is connected if G|X is connected. If X = {x} we write G \ x to mean G \ {x}. For disjoint subsets A, B ⊂ V (G) we say that A is complete to B if every vertex of A is adjacent to every vertex of B, and that A is anticomplete to B if every vertex of A is non-adjacent to every vertex of B. If A = {a} we write a is complete (or anticomplete) to B to mean that {a} is complete (or anticomplete) to B. If a is not complete and not anticomplete to B, we say that a is mixed on B. Finally, if H is an induced subgraph of G and a ∈ V (G) \ V (H), we say that a is complete to, anticomplete to or mixed on H if a is complete to, anticomplete to or mixed on V (H), respectively. For X ⊆ V (G), we say that e ∈ E(G) is an edge of X if both endpoints of e are in X. For v ∈ V (G) we write N G (v) (or N (v) when there is no danger of confusion) to mean the set of vertices of G that are adjacent to v. Observe that since G is simple, v ∈ N (v). For X ⊆ V (G) we define N (X) = ( v∈X N (v)) \ X.
A function L : V (G) → 2 [k] that assigns a subset of [k] to each vertex of a graph G is a k-list assignment for G. For a k-list assignment L, a function f : V (G) → [k] is an L-coloring if f is a k-coloring of G and f (v) ∈ L(v) for all v ∈ V (G). We say that G is L-colorable, or that (G, L) is colorable, if G has a proper L-coloring. The k-list coloring problem is the problem of deciding, given a graph G and a k-list assignment L, if G is L-colorable. Since this generalizes the k-coloring problem, it is N P -hard for all k ≥ 3.
A k-precoloring (G, X, f ) of a graph G is a function f : X → [k] for a set X ⊆ V (G) such that f is a proper k-coloring of G|X. Equivalently, a k-precoloring is a k-list assignment L in which |L(v)| ∈ {1, k} for all v ∈ V (G). A k-precoloring extension for (G, X, f ) is a proper k-coloring g of G such that g| X = f | X , and the k-precoloring extension problem is the problem of deciding, given a graph G and a k-precoloring (G, X, f ), if (G, X, f ) has a k-precoloring extension.
We denote by P t the path with t vertices. Given a path P , its interior is the set of vertices that have degree two in P ; the interior of P is denoted by P * . A path in a graph G is a sequence v 1 − . . . − v t of pairwise distinct vertices where for i, j ∈ [t], v i is adjacent to v j if and only if |i − j| = 1; the length of this path is t. We denote by V (P ) the set {v 1 , . . . , v t }, and if a, b ∈ V (P ), say a = v i and b = v j and i < j, then a − P − b is the path v i − v i+1 − . . . − v j , and b − P − a is the path v j − v j−1 − . . . − v i . For v ∈ V (P ), the neighbors of v in P are the neighbors of v in G|V (P ). A P t in G is a path of length t in G. A graph is P t -free if there is no P t in G.
Throughout the paper by "polynomial time" or "polynomial size" we mean running time, or size, that are polynomial in |V (G)|, where G is the input graph. Since the k-coloring problem and the k-precoloring extension problem are N P -hard for k ≥ 3, their restrictions to graphs with a forbidden induced subgraph have been extensively studied; see [2, 8] for a survey of known results. In particular, the following is known (given a graph H, we say that a graph G is H-free if no induced subgraph of G is isomorphic to H):
Theorem 1 ([8]). Let H be a (fixed) graph, and let k > 2. If the k-coloring problem can be solved in polynomial time when restricted to the class of H-free graphs, then every connected component of H is a path.
Thus if we assume that H is connected, then the question of determining the complexity of k-coloring H-free graphs is reduced to studying the complexity of coloring graphs with certain induced paths excluded, and a significant body of work has been produced on this topic. Below we list a few such results.
Theorem 2 ([1]
). The 3-coloring problem can be solved in polynomial time for the class of P 7 -free graphs.
Theorem 3 ([6]
). The k-coloring problem can be solved in polynomial time for the class of P 5 -free graphs.
Theorem 4 ([7]
). The 4-coloring problem is N P -complete for the class of P 7 -free graphs. Theorem 5 ([7] ). For all k ≥ 5, the k-coloring problem is N P -complete for the class of P 6 -free graphs.
The only cases for which the complexity of k-coloring P t -free graphs is not known are k = 4, t = 6, and k = 3, t ≥ 8. This is the second paper in a series of two. The main result of the series is the following:
Theorem 6. The 4-precoloring extension problem can be solved in polynomial time for the class of P 6 -free graphs.
Theorem 6 proves a conjecture of Huang [7] , thus resolving the former open case above, and completes the classification of the complexity of the 4-coloring problem for graphs with a connected forbidden induced subgraph.
A starred precoloring is a 7-tuple (G, S, X 0 , X, Y, Y * , f ) such that (A) f : S ∪ X 0 → {1, 2, 3, 4} is a proper coloring of G|(S ∪ X 0 );
(C) G|S is connected and no vertex in V (G) \ S is complete to S;
(D) every vertex in Y has a neighbor in S;
(E) for every vertex x ∈ X, |f (N (x) ∩ S)| ≥ 2;
(F) Y is anticomplete to Y * ;
(G) no vertex in X is mixed on a component of G|Y * ;
(H) for every component C of G|Y * , there is a vertex in S ∪ X 0 ∪ X complete to V (C).
A starred precoloring is excellent if Y = ∅; we write it is as a 6-tuple (G, S, X 0 , X, Y * , f ). The set S is called the seed of the starred precoloring. We define L P (v) = L S,f (v) = {1, 2, 3, 4} \ (f (N (v) ∩ S)). A precoloring extension of a starred precoloring is a function f ′ : V (G) \ (S ∪ X 0 ) → {1, 2, 3, 4} such that f ′ ∪ f is a proper coloring of G. The main result of the first paper of the series [4] is Theorem 7. For every positive integer C, there exists a polynomial-time algorithm with the following specifications.
Input: An excellent starred precoloring P = (G, S, X 0 , X, Y * , f ) of a P 6 -free graph G with |S| ≤ C.
Output: A precoloring extension of P or a determination that none exists.
In this paper, we reduce the 4-precoloring extension problem for P 6 -free graphs to the case handled by Theorem 7. Our main result is the following.
Theorem 8. There exists an integer C > 0 and a polynomial-time algorithm with the following specifications.
Input: A 4-precoloring (G, X 0 , f ) of a P 6 -free graph G.
Output: A collection L of excellent starred precolorings of G such that
for every (G
• |S ′ | ≤ C,
′ is an induced subgraph of G, and
• f ′ | X0 = f | X0 .
Definitions
For two functions f, f ′ with f : X → {1, . . . , k} and f ′ : Y → {1, . . . , k} such that f | X∩Y ≡ f ′ | X∩Y , we define their union f ∪ f ′ : X ∪ Y → {1, . . . , k} as (f ∪ f ′ )(z) = f (z) if z ∈ X, and (f ∪ f ′ )(z) = f ′ (z) if z ∈ Y . For a set X with X = {x}, we do not distinguish between X and x (when there is no danger of confusion).
A seeded precoloring of a graph G is a 7-tuple P = (G, S, X 0 , X, Y 0 , Y, f )
such that
• the function f : (S ∪ X 0 ) → {1, 2, 3, 4} is a proper coloring of G|(S ∪ X 0 );
• S, X 0 , X, Y 0 , Y are pairwise disjoint.
The set S is called the seed of the seeded precoloring. A precoloring extension of a seeded precoloring P is a 4-precoloring extension of (G, S ∪ X 0 , f ). For a seeded precoloring P and a collection L of seeded precolorings, we say that L is an equivalent collection for P if P has a precoloring extension if and only if at least one of the seeded precolorings in L does, and, given a precoloring extension of a member of L, we can construct a precoloring of P in polynomial time.
Given a seeded precoloring P = (G, S, X 0 , X, Y 0 , Y, f ) and a seeded precoloring P ′ , we say that P ′ is a normal subcase of P if
• G|S ′ connected and S ⊆ S ′ ;
• every vertex in X ′ 0 ∩ Y 0 has a neighbor in S ′ ;
• S ⊆ S ′ ⊆ S ∪ X ∪ Y 0 ∪ Y ; For a seeded precoloring P = (G, S, X 0 , X, Y 0 , Y, f ) of a graph G, we let L P (v) = L S,f (v) = f (v) for v ∈ S ∪ X 0 , and L P (v) = L S,f (v) = {1, 2, 3, 4} \ f (N (v) ∩ S) otherwise. For a set Z ⊆ V (G) and list L ⊆ {1, 2, 3, 4}, we let Z L denote the set of vertices v in Z with L P (v) = L.
We finish this section with two useful theorems.
Lemma 1. Let G be a graph and let X ⊆ V (G) be connected. If v ∈ V (G) \ X is mixed on X, the there is an edge xy of X such that v is adjacent to x and not to y.
Proof. Since v is mixed on X, both the sets N (v) ∩ X and X \ N (v) are non-empty. Now since X is connected, there exist x ∈ N (v) ∩ X and y ∈ X \ N (v) such that x is adjacent to y, as required. This proves Lemma 1.
Theorem 9 ([5]). There is a polynomial time algorithm that tests, for graph H and a list assignment L with |L(v)| ≤ 2 for every v ∈ V (H), if (H, L) is colorable, and finds a coloring if one exists.
2 Establishing the Axioms on Y 0
Given a P 6 -free graph G and a precoloring (G, A, f ), our goal is to construct a polynomial number of seeded precolorings P = (G, S, X 0 , X, Y 0 , Y, f ) satisfying the following axioms, and such that if we can decide for each of them if it has a precoloring extension, then we can decide if (G, A, f ) has a 4-precoloring extension, and construct one if it exists.
(i) G \ X 0 is connected.
(ii) S is connected and no vertex in V (G) \ S is complete to S. 
, there is a vertex v in X complete to C. We begin by establishing the first axiom.
Lemma 2. Given a 4-precoloring (G, X 0 , f ) of a P 6 -free graph G, there is an algorithm with running time
that outputs a collection L of seeded precolorings such that:
f ) has a 4-precoloring extension if and only if each of the seeded precolorings P ′ ∈ L has a precoloring extension; and
• given a precoloring extension for each of the seeded precolorings P ′ ∈ L, we can compute a 4-precoloring extension for (G, X 0 , f ) in polynomial time.
Proof. For each connected component C of G \ X 0 , the algorithm outputs the seeded precoloring (G|(V (C) ∪ X 0 ), ∅, X 0 , ∅, V (C), ∅, f ). Since the coloring is fixed on X 0 , it follows that (G, X 0 , f ) has a 4-precoloring extension if and only if the 4-precoloring on X 0 can be extended to every connected component C of G \ X 0 . This implies the statement of the lemma.
The next lemma is used to arrange the following axioms, which we restate:
(ii) S is connected and no vertex in V (G) \ S is complete to S.
Lemma 3. There is a constant C such that the following holds. Let P = (G, ∅, X 0 , ∅, Y 0 , ∅, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i). Then there is an algorithm with running time O(|V (G)| C ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L is a normal subcase of G;
• every P ′ ∈ L satisfies (i), (ii) and (iii).
Moreover, for every P ′ ∈ L, given a precoloring extension of P ′ , we can compute a precoloring extension for P in polynomial time.
Proof. If |V (G) \ X 0 | ≤ 5, we enumerate all possible colorings. Now let v ∈ V (G) \ X 0 , and let S ′ = {v}. While there is a vertex w in V (G) \ S ′ complete to S ′ , we add w to S ′ . Let S denote the set S ′ when this procedure terminates. If either |S| ≥ 5 or (G|(S ∪ X 0 ), ∅, X 0 , S, ∅, ∅, f ) has no precoloring extension, then we output that P has no precoloring extension. Otherwise, we construct L as follows. For every proper coloring f ′ of G|S such that f ∪ f ′ is a proper coloring of G|(S ∪ X 0 ), we add
to L. Since |S| ≤ 4, it follows that the first three bullets hold, and (iii) holds for P ′ by the definition of P ′ . Since X 0 is unchanged, it follows that (i) holds. Since S is a maximal clique, we have that (ii) holds for P ′ . This concludes the proof.
The next four lemmas are technical tools that we use several times in the course of the proof. They are used to show that if we start with a seeded precoloring that has certain properties, and then move to its normal subcase, then these properties are preserved (or at least can be restored with a simple modification).
For a seeded precoloring
For a type T and a set A, we let A(T ) = {v ∈ A : T P (v) = T }.
Lemma 4. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G satisfying (ii) and (iii), and let Let T, Proof. Suppose both the pairs yz ′ and y ′ z are non-adjacent. Since P satisfies (ii) and (iii), it follows that G|S is connected and both y, y ′ have neighbors in S. Let Q be a shortest path from y to y ′ with interior in S. Since |f (T )| = |f (T ′ ) = 1 and f (T ) = f (T ′ ), it follows that T ∩ T ′ = ∅, and so |Q * | > 1. But now z − y − Q − y ′ − z ′ is a path of length at least six in G, a contradiction. This proves Lemma 4.
Lemma 5. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph satisfying (ii), (iii) and (iv), and let
Proof. Suppose such v exists. Let y ∈ Y 0 be a neighbor of v. Since P ′ is a normal subcase of P , P ′ satisfies (ii). Since v has both a neighbor in Y ′ 0 and a neighbor in S ′ , and since P ′ satisfies (iii), it follows that
, and there is a unique vertex t ∈ V (Q) \ V (R) with a neighbor in V (R). Since t ∈ N (Y 0 ), it follows that t ∈ S ∪ Y 0 , and so t ∈ X ∪ Y . But t is mixed on V (R) ∪ {y} ⊆ Y 0 , contrary to the fact that P satisfies (iv). This proves Lemma 5.
Lemma 6.
There is a constant C such that the following holds. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i), and let
normal subcase of P satisfying (iii) and (iv). Then there is an algorithm with running time
and P ′′ is a normal subcase of P ′ ;
• P ′′ satisfies (i)-(iv);
Moreover, given a precoloring extension of P ′′ , we can compute a precoloring extension for P in polynomial time.
Proof. Since P ′ is a normal subcase of P , it follows that P ′ satisfies (ii). We may assume that P ′ does not satisfy (i), for otherwise we can set L = {P ′ }. Now let C be a connected component of
By Theorem 2 and since G is P 6 -free, we can decide in polynomial time
has a precoloring extension with colors in {1, 2, 3, 4} \ {c}. If not, then P ′ has no precoloring extension, and we set
has a precoloring extension using only colors in {1, 2, 3, 4} \ {c}, then P ′ has a precoloring extension if and only if (
We repeat this process a polynomial number of times until G ′ \ X ′ 0 is connected, and output the resulting seeded precoloring
, and the other sets of P ′′ remain the same as in P ′ , it follows that the P ′′ satisfies (ii)-(iv), and if P ′ satisfies (v), then so does P ′′ . This proves Lemma 6.
Lemma 7. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph satisfying (ii), (iii) and (iv), and let
Proof. Since P ′ is a normal subcase of P , P ′ satisfies (ii). First we show that P ′ satisfies (iv). Suppose not, then there exists v ∈ V (G) \ X ′ 0 mixed on an edge xy of Y ′ 0 , say v is adjacent to y and not to x. It follows that v ∈ X ′ ∪ Y ′ , and since P satisfies (iv), v ∈ Y 0 . Therefore v has a neighbor in S ′ , contrary to Lemma 5. This proves that P ′ satisfies (iv). Next assume that P satisfies (vi). We show that
, and y has a neighbor s ∈ S ′ , contrary to Lemma 5. This proves that P ′ satisfies (vi). This completes the proof of Lemma 7.
The next lemma is another technical tool, used to establish axioms (iv) and (vii).
Lemma 8.
There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i), (ii) and (iii). Let L ⊆ [4] with |L| = 3, let c 4 be the unique element of [4] 
, and that there is no path t − z 1 − z 2 − z 3 with t ∈ (X ∪ Y ) \ R and z 1 , z 2 , z 3 ∈ R. Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L is a normal subcase of P ;
• every P ′ ∈ L satisfies (ii) and (iii).
• no vertex of
Moreover, for every P ′ ∈ L, given a precoloring extension of P ′ , we can compute a precoloring extension of P in polynomial time.
Proof. If G contains a K 5 , then P has no precoloring extension; we output L = ∅ and stop. Thus from now on we assume that G has no clique of size five. Let Y 5 0 = R and let Z 5 = (X ∪ Y ) \ R. Let T 5 be the set of types of vertices in Z 5 , and set j = 4. Let Q j be the set of |T j |-tuples (S j,T ) T ∈T j+1 , where each S j,T ⊆ Z j+1 (T ) and S j,T is constructed as follows (starting with S j,T = ∅):
• If R = Y 0 or c 4 ∈ f (T ) proceed as follows. While there is a vertex z ∈ Z j+1 (T ) complete to S j,T and such that there is clique {a 1 , . . . , a j } ⊆ Y 0 j+1 with N (z) ∩ {a 1 , . . . , a j } = {a 1 }, choose such z with N (z) ∩ R maximal and add it to S j,T .
• If R = Y 0 and c 4 ∈ f (T ), while there is z ∈ Z j+1 (T ) complete to S j,T such that there is clique
When no such vertex z exists, let X j,T 0
Since G has no clique of size five, it follows that
) and let T j be the set of types of Z j (in P ). If j > 2, decrease j by 1 and repeat the construction above, to obtain a new set Q j−1 ; repeat this for each Q ∈ Q j .
Suppose j = 2. Then Q was constructed by fixing Q 4 ∈ Q 4 , constructing Q 3 (with Q 4 fixed), fixing Q 3 ∈ Q 3 , constructing Q 2 (with Q 3 fixed), and finally fixing Q ∈ Q 2 . Write Q 2 = Q. For consistency of notation we write
Let L be the set of all P Q,f ′ as above. Observe that S ′ is obtained from S by adding a clique of size at most four for each type in T j at each of the three steps (j = 4, 3, 2), and since |T j | ≤ 2 |S| for every j, it follows
|S| . In the remainder of the proof we show that every P Q,f ′ ∈ L satisfies the required properties.
(1) S ∪ 4 k=j S k is connected for every j ∈ {2, . . . , 4}. In particular S ′ is connected.
Since for every j, we have that S j,Qj ⊆ Z j+1 , it follows that every vertex of S j,Qj has a neighbor in S ∪ . It follows that z has a neighbor z ′ ∈ S j,Qj and that z is anticomplete to S ∪ Suppose for a contradiction that there exist j and z violating (3); we may assume that z is chosen with j maximum. Write Q j = (S j,T ). Let {a 1 , . . . , a j } ⊆ Y j,Qj 0 be a clique with N (z) ∩ {a 1 , . . . , a j } = {a 1 }. Suppose first that z ∈ R. Let k be maximum such that z ∈ Z k,Q k . Then z ∈ Z k+1,Q k+1 , and thus z ∈ Y k+1,Q k+1 0 , z has a neighbor z ′ ∈ S k,Q k , and z is anticomplete to S ∪
contrary to (2) . This proves that z ∈ R.
It follows that z ∈ Z j+1,Qj+1 ∩ (X ∪ Y ), and in particular z has a neighbor in S. Let T = T P (z). It follows that S j,T = ∅; let z ′ ∈ S j,T be the first vertex that was added to S j,T that is non-adjacent to z (such a vertex exists by the definition of
, it follows that z has a neighbor in Y j+1,Qj+1 0 non-adjacent to z ′ , and hence (by the choice of z
that is non-adjacent to z. Suppose first that a ′ is complete to {a 1 , . . . , a j }. Since G contains no clique of size five, it follows that j < 4. But now N (z ′ ) ∩ {a ′ , a 1 , . . . , a j } = {a ′ }, contrary to the maximality of j. Suppose next that a ′ is mixed on {a 1 , . . . , a j }. Let x be a neighbor and y be a non-neighbor of a ′ in {a 1 , . . . , a j }. Then z ′ − a ′ − x − y is a path, which contradicts an assumption of the theorem. It follows that a ′ is anticomplete to {a 1 , . . . , a j }. Since z, z ′ ∈ R and have neighbors in R, it follows that there is a vertex t ∈ T that is anticomplete to R (this is immediate if R = Y 0 , and follows from the fact that
By (1) P f ′ ,Q satisfied (ii), and by construction (iii) holds. Now from (3) with j = 2 we deduce that no vertex of (
It remains to show that L is equivalent to P . Clearly for every P ′ ∈ L, a precoloring extension of P ′ is also a precoloring extension of P .
Let d be a precoloring extension of P . We show that some P ′ ∈ L has a precoloring extension. Let j ∈ {2, 3, 4}; define S j,T and f ′ as follows (starting with S j,T = ∅):
• If R = Y 0 or c 4 ∈ f (T ) proceed as follows. While there is a vertex z ∈ Z j+1 (T ) complete to S j,T and such that there is clique
• If R = Y 0 and c 4 ∈ f (T ), while there is z ∈ Z j+1 (T ) complete to S j,T such that there is clique {a 1 , . . . , a j } ⊆ Y 0 j+1 with N (z) ∩ {a 1 , . . . , a j } = {a 1 }, choose such z with d(z) = c 4 and subject to that with N (z) ∩ R maximal; add z to S j,T and set
It follows from the choice of z that d(z ′ ) = c 4 for every z ′ ∈ X 0 (z). When no such vertex z exists, let X j,T 0
, and thus d is is a precoloring extension of P f2,q2 , as required. This proves Lemma 8.
The next lemma is used to arrange the following axiom, which we restate:
Lemma 9. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i), (ii) and (iii). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
Proof. Let S 5 = ∅. Let Z = X ∪ Y . Since P satisfies (iii), it follows that every vertex of Z has a neighbor in S. While there is a vertex z ∈ Z complete to S 5 and a path z − a − b − c with a, b, c ∈ Y 0 , we add z to S 5 . If |S 5 | ≥ 5, then G contains a K 5 and thus it has no precoloring extension; set L = ∅ and stop. Thus we may assume that
). Since S is connected, and since every vertex of S 5 has a neighbor in S, it follows that S ∪ S 5 is connected. Suppose for a contradiction that such a path exists, and suppose first that z ∈ Z. By the choice of S 5 , it follows that there exists a vertex z ′ ∈ Z ∩ S 5 non-adjacent to z. Since S ∪ S 5 is connected, there exists a path Q connecting z and z ′ with interior in S ∪ S 5 . Since P satisfies (iii) and by the construction of S 5 , it follows that Q * is anticomplete to {a, b, c}. But now z ′ − Q − z − a − b − c is a path of length at least six in G, a contradiction.
It follows that z ∈ N (S 5 ) \ Z, and thus
′ ∈ Z, and so s ′ has a neighbor s ∈ S. Since P satisfies (iii), s is anticomplete to Y 0 , and so s is anticomplete to {z, a, b, c}. But now s − s The purpose of Lemma 10 is to organize vertices according to their lists (which, in turn, arise from the colors of their neighbors in the seed) to satisfy the following axiom:
Moreover, we will construct new seeded precolorings in controlled ways from seeded precolorings satisfying (i), (ii), (iii), and (iv), to arrange that these axioms as well as (v) still hold for the new instances.
Lemma 10. There is a constant C such that the following holds. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i), (ii), (iii) and (iv), and let
Then there is an algorithm with running time O(|V
• P ′′ is a normal subcase of P ′ , and
• If P ′ (vi), then P ′′ satisfies (vi).
• If P ′ satisfies (vii), then P ′′ satisfies (vii).
Proof. Since P ′ is a normal subcase of P , it follows that P ′ satisfies (ii). By moving vertices between Y ′ 0 and X ′ ∪ Y ′ , we may assume that P ′ satisfies (iii). By Lemma 7 P ′ satisfies (iv).
′ has no precoloring extension, and we output this and L = ∅ and stop. Thus, we may assume that
, and so the seeded precoloring
For the same reason, if P ′ satisfies (vi), then so does P , and if P ′ satisfies (vii), then so doesP . Let P ′′ be obtained from the precoloringP as in Lemma 6. It follows that P ′′ satisfies (i)-(v), and P ′′ is a normal subcase of P ′ . Clearly ifP satisfies (vi), then so does P ′′ , and ifP satisfies (vii), then so does P ′′ . This proves Lemma 10.
In the next lemma we establish (vi), which we restate:
(vi) There is a color c ∈ {1, 2, 3, 4} such for every vertex y ∈ Y with a neighbor in
Lemma 11. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y 0 , Y, f ) be a seeded precoloring of a P 6 -free graph G with P satisfying (i), (ii), (iii), (iv) and (v). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
Proof. A seeded precoloring P = (G, S, X 0 , X, Y 0 , Y, f ) is acceptable if for every precoloring extension c of P and for every non-adjacent y, y
. First we construct a collection M of seeded precolorings that is an equivalent collection for P , and such that every member of M is acceptable. We proceed as follows. Let T be the set of all pairs (T, T ′ ) with
where
and for every i ∈ {1, . . . , t} it satisfies:
Then P Q,f ′ is a normal subcase of P . Since every vertex in X ∪ Y has a neighbor in S, it follows that P Q,f ′ satisfies (ii); by construction (iii) holds. By Lemma 7, P Q,f ′ satisfies (iv). Let M be the union of the collections obtained by applying Lemma 10, where the union is taken over all Q, f ′ as above. Then every member of M satisfies (i)-(v). We show that there is a function q 1 : N → N such that |S ∪ S(Q)| ≤ q 1 (|S|) and |M| ≤ |V (G)| q1(|S|) . Since there are at most 2 |S| types, it follows that t ≤ 2 2|S| . Now, since for every (
, it follows that for every Q ∈ Q we have |S(Q)| ≤ 3 × 2 t , and so |S ∪ S(Q)| ≤ |S| + 3 × 2
2|S|
and |Q| ≤ |V (G)|
3×2
2|S| . Finally, for every Q, there are at most 4 |S(Q)| = 4 3t possible precoloring of S(Q), since every precoloring of S(Q) extends to an admissible function in a unique way, and we deduce that
Suppose that y ∈ Y . Then y ∈ Y 0 ∩ Y ′ and there exist s ∈ S ′ \ S such that y is adjacent to s, contrary to Lemma 5. This proves (5).
Next we show that every precoloring in M is acceptable. Let
and such that there exists a precoloring extension c with c(y), c(y
, it follows that {y, y ′ , p, n} is a stable set. By symmetry, we may assume that f ′ (m) ∈ L P ′ (y), and hence y is not adjacent to m. Let s ∈ T \ T ′ ; then z − y − s − p − m − n is a P 6 in G, a contradiction. This proves that every seeded precoloring in M is acceptable.
Next we show that M is equivalent to P . Clearly every precoloring extension of a member of M is a precoloring extension of P . For the converse, let c be a precoloring extension of P . For every pair of types (T, T ′ ) ∈ T for which there exist non-adjacent
, choose such a pair y, y ′ and let z be a common neighbor of y, y ′ in Y 0 (such z exists by Lemma 4); set P T,T ′ = {y}, M T,T ′ = {z} and N T,T ′ = {y ′ }, and define f
does not have the property described in the previous paragraph, it follows that c((
Then c is a precoloring extension of P Q,f ′ . Moreover, P Q,f ′ was one of the seeded precoloring we considered in the process of constructing M, and so M contains the seeded precoloring obtained from P Q,f ′ by applying Lemma 10. It follows that M is an equivalent collection for P .
be an acceptable seeded precoloring. For c ∈ {1, 2, 3, 4} and a precoloring extension d of P ′ , we say that is c is active for L and
Define
3 , and
It is easy to check that P
3 , for every
We claim that
is an equivalent collection for {P ′ }. Clearly a precoloring extension of an element of L(P ′ ) is a precoloring extension of P . Now let c be a precoloring extension of P . If for every L ∈ [4] 3 there is at most one active color for L and c, then c is a precoloring extension of a member of L 1 (P ), so we may assume that there is L 0 ∈ [4] 3 such that at least two colors are active for L and c. We may assume that L = {1, 2, 3} and the colors 1, 2 are active. Let y i ∈ Y ′ L0 with c(y) = i. We claim that c is a precoloring extension of P
, and the claim holds. This proves that L(P ′ ) is an equivalent collection for
Lemma 11 follows. This completes the proof.
Lemma 12. There is a function q : N → N such that the following holds. Let 
(v) and (vi). Then there is an algorithm with running time O(|V
• for every
Proof. We may assume that G contains no K 5 , for otherwise, P does not have a precoloring extension and we output L = ∅ and stop.
With
• S Ti is complete to R Ti .
. Furthermore, P Q,f ′ has a precoloring extension if and only if P has a precoloring
. Let L 1 be the set of all seeded precolorings P Q,f ′ as above (ranging over all Q ∈ Q). Then L 1 is an equivalent collection for P , and
Suppose that such a path z − a − b − c exists. First we show that z ∈ X ∪ Y . Suppose not, then z ∈ Y 0 and z has a neighbor s ′ ∈ S ′ \ S. Since P satisfies (vi), it follows that s ′ ∈ X. Since {z, a, b, c} ⊆ Y 0 ∪ Y L , and since P satisfies (v), we deduce that there exists s ∈ T (s
, it follows that S T (v) = ∅, and either
follows that s is anticomplete to {a, b, c}. If z is non-adjacent to s, then s − t − z − a − b − c is a P 6 , a contradiction. It follows that z is adjacent to s, and therefore R T (z) = ∅; say R T (z) = {r}. Since s is adjacent to r, it follows that f ′ (z) = f ′ (r). Since z ∈ X 0 , and since (v) holds, it follows that z is non-adjacent to r. Since f ′ (r) ∈ L, it follows that r is anticomplete to {a, b, c}. But now r − s − z − a − b − c is a P 6 in G, a contradiction. This proves (6) .
In view of (6), let L 2 (P ′ ) be the collection of precolorings obtained from P ′ by applying Lemma 8 with
. Then P ′′ satisfies (ii) and (iii) and no vertex of (
Let L 3 (P ′′ ) be obtained by applying Lemma 10 to P ′′ , and letP ∈ L 3 (P ′′ ). WriteP = (G,S,X 0 ,X,Ỹ 0 ,Ỹ ,f ). By Lemma 10,P satisfies (i)-(vi). Since
, and sinceP satisfies (vi), we deduce thatP satisfies (vii). Now setting
Lemma 12 follows.
We are now ready to prove the final lemma of this section, used to prove the following axiom, which we restate:
Lemma 13. There is a constant c such that the following holds. Let 
, and
Proof. We may assume that P does not satisfy (viii) for otherwise we set
For every component D of G|A, we proceed as follows. Let P(D) be the set of lists L * ⊆ {1, 2, 3, 4} with |L * | ≤ 3 such that D can be colored with list assignment
Since G is P 6 -free, it follows from Theorem 2 that P(D) can be computed in polynomial time. Since C is connected, it follows from (iv) that some vertex of B is complete to D. Consequently, in any precoloring extension of P , at most three colors appear in D, and at least one color of
, then P has no precoloring extension we set L = ∅ and stop. Let
Since C ′ is obtained from an induced subgraph of G by replacing vertices with stable sets, it follows that C ′ is P 6 -free. We claim that C has a proper L-coloring if and only if C ′ has a proper L ′ -coloring. Suppose that C has a proper L-coloring c. We need to show that c| V (C)\Y0 can be extended to each R(D). We can consider each
, and setting c(r) = d(r) we obtain a coloring of
, then we color D with an L-coloring using only those colors in L * ; this is possible by the definition of P(D). Thus we may assume that
, contrary to the fact that c is a proper coloring. This proves that C has a proper L-coloring if and only if C ′ has a proper L ′ -coloring. We have so far proved the following:
• C ′ has a proper L ′ -coloring if and only if C has a proper L-coloring;
• C ′ is P 6 -free; and
By Theorem 2, we can decide in polynomial time if C ′ has a proper L ′ -coloring, and thus if C has a proper L-coloring. If not, then P has no precoloring extension; we set L = ∅ and stop. If C has a proper
By repeatedly applying this algorithm to every deficient component
, and setting Z = V (C) where the union is taken over all such components, we set
, and Lemma 13 follows.
We call a seeded precoloring good if it satisfies (i), (ii), (iii), (iv), (v), (vi), (vii), and (viii). By applying Lemmas 2, 3, 9, 10,11, 12 and 13, each to every seeded precoloring in the output of the previous one, we finally derive the main theorem of Section 2.
Theorem 10. There is a constant C such that the following holds. Let G be a P 6 -free graph, and let (G, A, f ) be a 4-precoloring of G. Then there exists a polynomial-time algorithm that computes a collection L of seeded precolorings such that
• L is equivalent for P .
• every P ∈ L is good
• every seeded precoloring in L has a seed of size at most C;
By Theorem 10, to solve the 4-precoloring extension problem in polynomial time, it is sufficient to solve the precoloring extension problem for good seeded precolorings of P 6 -free graphs (with seed size bounded by a constant) in polynomial time.
Establishing the Axioms on Y
In the previous section, we arranged that components of G|(Y 0 ∪Y ) containing a vertex of Y 0 are well-behaved. In this section, we deal with components of G|(Y 0 ∪ Y ) that do not contain a vertex of Y 0 .
Let P be a starred precoloring. We say that a collection L of starred precolorings is an equivalent collection for P if P has a precoloring extension if and only if at least one of the starred precolorings in L does.
The following are the axioms we want to establish for starred precolorings.
(IV) Let L 1 ⊆ {1, 2, 3, 4} with |L 1 | = 3. Then there is no path
(VI) For every component C of G|Y , for which there is a vertex of X is mixed on C, there exist
(VII) For every component C of G|Y such that some vertex of X is mixed on C, and for
We begin by showing that starred precolorings exist, and we establish axiom (I).
Lemma 14. Let P be a good seeded precoloring of a P 6 -free graph G. Then )) is a starred precoloring satisfying (I) and P ′ has a precoloring extension if and only if P does, and every precoloring extension of P ′ is a precoloring extension of P .
Proof. This is easily verified by checking the definition of a starred precoloring.
Our next goal is to establish axiom (II), which we restate.
This lemma will also be useful for proving (IV). ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L is a starred precoloring of G;
• every P ′ ∈ L with seed S ′ satisfies |S ′ | ≤ q(|S|);
• if P satisfies (II), and if there is no path
• there is no path
Moreover, for every P ′ ∈ L, given a precoloring extension of P ′ , we can compute a precoloring extension for P in polynomial time, if one exists.
Proof. Let L 1 ⊆ {1, 2, 3, 4} with |L 1 | = 3, and let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I). We check in polynomial time if G contains a K 5 . If so, then P does not have a precoloring extension and we output L = ∅ as an equivalent collection. Therefore, for the remainder of the proof we may assume that G contains no
. . , T r } be the set of types T ⊆ S with f (T ) = {1, 2, 3, 4} \ L 1 and |f (T )| ≤ 2, and if P satisfies (II), |f (T )| = 2. Let Q be the set of all r-tuples of quadruples ( (Q 1 , R 1 c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) such that for every i ∈ {1, . . . , r},
• 1 ≥ |Q i | ≥ |R i | and Q i ∪ R i is a clique; and
For every Q = ((Q 1 , R 1 , c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) ∈ Q, we proceed as follows. Let
and let g Q :Ỹ Q → {1, 2, 3, 4} \ L 1 be the constant function. Let
and let
, we add the starred precoloring
to L. This starred precoloring satisfies (I). Every precoloring extension of P ′Q is a precoloring extension of P . Moreover, suppose that c is a precoloring extension of P . Let Q = ((Q 1 , R 1 c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) be defined as follows:
arbitrary.
• For every type T i ∈ T such that there exist x, y ∈ (X ∪ Y )(T i ) with c(x), c(y) ∈ L 1 and xy ∈ E(G), we let Q i = {x}, R i = {y} and c i = c(x), d i = c(y).
• For every type T i ∈ T such that do not there exist x, y as above, but there is a vertex
, and so g and g ′ agree with c onỸ andZ, respectively. It follows that P ′Q ∈ L and c is a precoloring extension of P ′Q . Consequently, that L is an equivalent collection for P . We now prove that every P ′Q ∈ L satisfies the claims of the lemma. Let Q = ((Q 1 , R 1 c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) with P ′Q ∈ L, and write
If there is no path
with a, b, c ∈ Y ′ ; and if P satisfies (II), and if there is no path
Suppose not; and let a − b − c be such a path.
. By the assumption of (7), it follows that L P (a) = L P ′ (a), and so a ∈ Y ∩ X ′ . This implies that |L P ′ (a)| = 2. Since a ∈ Y ′ , it follows that the first statement of (7) is proved.
Therefore, we may assume that (II) holds for P . Since P satisfies (II), it follows that
and as ∈ E(G). Since b ∈ Y ′ , it follows that s − a − b is a path. But since P satisfies (II), it follows that S ′ \ S ⊆ X by construction, and so s ∈ X. But then the path s − a − b contradicts the assumption of (11). This implies (11).
Suppose not; and let z−a−b−c as in (8) . It follows that z ∈ X ∪Y and a, b, c ∈ Y 1 . Let
Let L 5 = L. We repeat the following procedure for j = 4, 3, 2. For every d 1 ) , . . . , (Q r , R r , c r , d r )) such that for every i ∈ {1, . . . , r j },
For every Q = ((Q 1 , R 1 c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) ∈ Q, we proceed as follows. Let
For i ∈ {1, . . . , r j }, we let Z i be the set of vertices z ∈ (X ∪ Y )(T i ) such that one of the following holds:
• Q i = ∅;
and let g ′′Q :X Q → {1, 2, 3, 4} \ L 1 be the constant function. Let
If
, then we add P ′Q to L j (P ′ ). It follows that for every Q ∈ Q(P ′ ), every precoloring extension of P ′Q is a precoloring extension of P ′ . Moreover, suppose that c is a precoloring extension of P ′ . We define Q = ((Q 1 , R 1 c 1 , d 1 ) , . . . , (Q r , R r , c r , d r )) as follows:
with c(w) ∈ L 1 , then we choose such a vertex with N (w) ∩ Y 1 maximal and let R i = {w} , d i = c(w); otherwise we let R i = ∅ and d i ∈ L 1 arbitrary.
The second bullet implies that
, and c is a precoloring extension of P ′Q . Thus L j (P ′ ) is an equivalent collection for P ′ . By construction, P ′Q satisfies (I) for every Q ∈ Q(P ′ ). Now let
Since L j+1 is an equivalent collection for P and since L j is the union of equivalent collections for every
From the previous step (j + 1) of our argument, we may assume that (9) and (8) hold for j + 1 for P ′ and Y ′ 1 . This is true when j = 4 as well, since G contains no K 5 .
Suppose for a contradiction that z is such a vertex. Write
Consequently, s is anticomplete to {a 1 , . . . , a j }. But then the path s − z − a 1 − a j contradicts the fact that (8) holds for
If z is non-adjacent to q i , let s = q i . Otherwise, it follows that R i = {r i }, say; let s = r i . In both cases, it follows that s is non-adjacent to z.
Since a 1 , . . . , a j ∈ X ′′ , it follows that s is non-adjacent to a 1 , . . . , a j . The definition of
is not a P 6 in G, and thus y has a neighbor in {a 1 , . . . , a j }. But y is not complete to {a 1 , . . . , a j }, since P ′ satisfies (9) for j + 1. It follows that y is mixed on {a 1 , . . . , a j }, and thus by Lemma 1 there is a path y − a − b with a, b ∈ {a 1 , . . . , a j }. But then s − y − a − b is a path, contrary to the fact that P ′ satisfies (8) . This concludes the proof of (9). 
If there is no path a−b−c with
with a, b, c ∈ Y ′′ ; and if P ′ satisfies (II), and if there is no path
. By the assumption of (11), it follows that L P ′ (a) = L P ′′ (a), and so a ∈ Y ′ ∩ X ′′ . This implies that |L P ′′ (a)| = 2. Since a ∈ Y ′′ , it follows that the first statement of (11) is proved. Therefore, we may assume that (II) holds for P ′ . Since P ′ satisfies (II), it follows that
and as ∈ E(G). Since b ∈ Y ′′ , it follows that s − a − b is a path. But since P ′ satisfies (II), it follows that S ′′ \ S ′ ⊆ X ′ by construction, and so s ∈ X ′ . But then the path s − a − b contradicts the assumption of (11). This implies (11).
It follows that (8) and (11) holds for P ′Q for every P ′ ∈ L j+1 and Q ∈ Q(P ′ ). Moreover, by construction, L j is an equivalent collection for P . If j > 2, we repeat the procedure for j − 1; otherwise, we stop.
At termination, we have constructed an equivalent collection L 2 for P and every
satisfies (I) and (9) for j = 2, and thus the last bullet of the lemma. The third-to-last and second-to-last bullets of the lemma follow from (7) and (11). Thus, L 2 satisfies the properties of the lemma, and hence, the lemma is proved.
Lemma 16. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L with seed S ′ satisfies |S ′ | ≤ q(|S|); and
• every P ′ ∈ L satisfies (I) and (II).
Proof. Let L = {P }. We repeat the following for every pair L 1 , L 2 of distinct lists of size three contained in {1, 2, 3, 4}. We apply Lemma 15 to every starred precoloring P ′ ∈ L, and replace L by the union of the equivalent collections produced by Lemma 15. Then we move to the next pair of lists.
The next lemma is a simple tool that we will use to establish further axioms. Proof. Let G, u, v as in the lemma. The result holds if N (u) = ∅ or N (v) = ∅; thus we may assume that both sets are non-empty. Let a ∈ N (u), b ∈ N (v). If ab ∈ E(G), we let A 0 = {a} , B 0 = {b}; otherwise, we let A 1 = {a} , B 1 = {b}. Now let A 0 , A 1 , . . . , A k , B 0 , B 1 , . . . , B k be chosen such that their union is maximal subject to satisfying the conditions of the lemma. If their union is V (G) \ {u, v}, then there is nothing to show; thus we may assume that there is a vertex x ∈ {u, v} not contained in their union. Without loss of generality, we may assume that x ∈ N (v). If x is complete to A = A 0 ∪ A 1 ∪ · · ·∪ A k , we can add x to B 0 , contrary to the maximality of our choice of sets. Suppose first that x is complete to A 1 ∪ · · ·∪ A k . Let A k+1 = A 0 \ N (x). Then A k+1 is non-empty, since x has a non-neighbor in A. But then A 0 \ A k+1 , A 1 , . . . , A k , A k+1 , B 0 , B 1 , . . . , B k , {x} satisfies the conditions of the lemma and has strictly larger union; a contradiction.
It follows that x has a non-neighbor in A \ A 0 ; without loss of generality we may assume that there is y ∈ A 1 non-adjacent to x. Let w ∈ B 1 . Suppose that x has a neighbor z ∈ A 1 . Then w − v − x − z − u − y is a P 6 in G, a contradiction. It follows that x has no neighbor in A 1 . If x is complete to A \ A 1 , we can add x to B 1 and enlarge the structure, a contradiction; hence x has a non-neighbor z in A \ A 1 . It follows that z is adjacent to w. But then x − v − w − z − u − y is a P 6 in G, a contradiction. This concludes the proof of the lemma.
The purpose of the following lemmas is to establish the following axiom, which we restate:
Lemma 18. There is a function q :
starred precoloring of a P 6 -free graph G with P satisfying (I) and (II). Then there is an algorithm with running time O(|V (G)|
q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L satisfies (I) and (II);
′ ; and
Proof. We say that the conditions of the last bullet hold for P if P satisfies the second-to-last bullet for
. . , T r } be the set of types T ⊆ S with f (T ) = {1, 2, 3, 4} \ L 1 . We let Q be the set of all r-tuples (Q 1 , . . . , Q r ), where for each i,
For i ∈ {1, . . . , r}, we further defineZ
Since P satisfies (II), it follows that P ′ satisfies (II) as well. We let
1 denote the set of vertices in Y 1 with a neighbor in Y 2 . Every precoloring extension for P ′Q ∈ L is a precoloring extension for P . Now suppose that P has a precoloring extension c : V (G) → {1, 2, 3, 4}. We define an r-tuple (Q 1 , . . . , Q r ), where for each i,
• If neither bullet of 3 is satisfied, we let
•
We proceed as follows:
-If there is x ∈ A and y ∈ B such that c(x), c(y) ∈ L 2 ∩ L 3 and xy ∈ E(G), we let Q i = ({u} , {v} , {x} , {y} , c 2 , c 3 , c(x), c(y)).
It follows from the definitions ofỸ
that Q ∈ Q and c is a precoloring extension of P ′Q . Thus L is an equivalent collection for P , which proves (12).
Let Q ∈ Q and let P ′Q ∈ L with
We claim the following.
(13)
For every i ∈ {1, . . . , r} such that
It follows that v is anticomplete to A and u is anticomplete to B. Let a 1 , . . . , a t be the components of G|A, and let b 1 , . . . , b s be the components of G|B. Since P satisfies (II), it follows that for every i ∈ Suppose that z − a − b − c is such a path. Let i ∈ {1, . . . , r} such that
and therefore s is anticomplete to {a, b, c}.
Suppose that
, and thus u is non-adjacent to z, a, b, c. Now u−s−z−a−b−c is a P 6 in G, a contradiction. Thus it follows that S 2 i = {v}, and z is non-adjacent to u and v. By construction, it follows that Suppose not, and let z − a − b be such a path. Let i ∈ {1, . . . , r} such that
, and hence s is anticomplete to a, b. Since z ∈ X ′ 0 , it follows that
, and thus u is non-adjacent to z, a, b. By construction, u has a neighbor y in Y 2 , and since u is anticomplete to a, b, it follows that y = a, b. Since y − u − s − z − a − b is not a P 6 in G, it follows that y has a neighbor in {z, a, b}. Since P satisfies (II), it follows that u − y − a is not a path and so y is not adjacent to a. Since P satisfies the second-to-last bullet for L 1 , L 2 , L 3 , it follows that u − y − b − a is not a path, and so u is not adjacent to b. But then u is adjacent to z; and b − a − z − u is a path contrary to the second-to-last bullet for L 3 , L 2 , L 1 . This is a contradiction, and hence
If one of u, v has no neighbor in {a, b}, then we reach a contradiction as above. Since neighbors of u in Y 2 are inX Q , it follows that u is adjacent to b, but not a. Since neighbors of v in Y 3 are inX Q , it follows that v is adjacent to a, but not b. This contradicts (13), and proves (15).
We now replace every P ′ ∈ L by P ′′ satisfying (I) by moving vertices with lists of size less than three from Y ′ to X ′ . It follows that P ′′ still satisfies (II) and (14). This concludes the proof of the lemma.
Lemma 19. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I) and (II). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L satisfies (I), (II) and (III).
of distinct lists of size three included in [4] we repeat the following. Apply Lemma 18 to every member of L; replace L by the union of the collections thus obtained, and move to the next triple of lists. At the end of this process we have an equivalent collection L for P , in which every starred precoloring satisfies the second-to-last bullet of Lemma 18 for every (L 1 , L 2 , L 3 ).
Repeat the procedure described in the previous paragraph. Since the second-to-last bullet of the conclusion of Lemma 18 holds for each starred precoloring we input this time, it follows that the last bullet of Lemma 18 holds for the output for every (L 1 , L 2 , L 3 ). Thus (III) holds; this concludes the proof.
We now have the following convenient property.
Proof. Let P = p 1 − . . . − p k be a path such that for some i = j p 1 ∈ C i , p k ∈ C j , p 1 is non-adjacent to p k , and subject to that with k minimum. Since P satisfies (II), it follows that p 2 ∈ C i ; say p 2 ∈ C l . Since P satisfies (II) and (III), it follows that p 3 ∈ C i . Similarly, p 4 ∈ C i . By the minimality of k, we deduce that
Since C is connected, and since V (C) = C i ∪ C j , there exists c ∈ C l with l = i, j such that c has a neighbor in C ′ . Since P satisfies (II) and (III), it follows from Lemma 1 that c is complete to C ′ . But now p 1 − c − p 4 contradicts the fact that P satisfies (III). This proves Lemma 20.
Our next goal is to establish axiom (IV), which we restate.
Lemma 21. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
(II), (III) and (IV).
Proof. Let L = {P }. For every list L ⊆ {1, 2, 3, 4} of size three, apply Lemma 15 to every member of L, replace L by the union of the equivalent collections thus obtained, and move to the next list. At the end of the process we obtained the required equivalent collection for {P }.
We now begin to establish the following axiom, which we restate below.
We define the following auxiliary statement:
Lemma 22. There is a function q : N → N such that the following holds. Let L 1 , L 2 ⊆ {1, 2, 3, 4} with
be a starred precoloring of a P 6 -free graph G with P satisfying (I), (II), (III) and (IV). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L satisfies (I), (II), (III) and (IV);
• if P satisfies (16) for every three lists, then every
Moreover, for every P ′ ∈ L, given a precoloring extension of P ′ , we can compute a precoloring extension for P in polynomial time. 
and let
Let T = {T 1 , . . . , T r } be the set of types T ⊆ S with f (T ) = {1, 2, 3, 4} \ L 3 . We let Q be the set of all r-tuples (Q 1 , . . . , Q r ), where for each i, 
For
..,r}Ỹ i andZ Q = i∈{1,...,r}Z i and
Q be the set of vertices v in X with list L 3 such that S ′Q contains a neighbor s of v, and let
LetŨ ′ i be the set of all vertices x ∈ X 3 (T i ) such that
Finally, we defineT i as follows:
We letT Q = i∈{1,...,r}T i and let
The following statement could be proved using Lemma 17, but we give a shorter proof here:
; then it suffices to prove that A ′ is anticomplete to B ′ . If case i = (a), (b), (d), (e), this follows since A ′ or B ′ is empty in each of these cases. In case (f ), we have that G|({u, v} ∪ R) is a six-cycle. Since the graph arising from a six-cycle by adding a vertex with exactly one neighbor in the cycle contains a P 6 , it follows that A ′ , B ′ = ∅. In case (c), we let x ′ y ′ be an edge from A ′ to B ′ , and we let
Again it follows that A ′ is anticomplete to B ′ , and (17) follows. Let P ′Q be the starred precoloring obtained from
by moving every vertex with a list of size at most two X, and every vertex with a list of size at most one to X 0 . Since P satisfies (II) and (III), it follows that P ′Q satisfies (II) and (III) as well. Moreover, P ′Q satisfies (I).
We let
(18) L is an equivalent collection for P .
For every P ′Q ∈ L, every precoloring extension of P ′Q is a precoloring extension of P . Conversely, let c be a precoloring extension of P , and define Q = (Q 1 , . . . , Q r ), where for each i,
is defined as follows:
, where f i is the empty function.
• If X 3 (T i ) contains a vertex v with c(v) ∈ L 1 ∩L 2 , we choose v with N (v)∩Y 1 maximal and let S 1 i = {v}, case = ∅. In this case, we let S N (u) ). Let a 1 , . . . , a t be the components of G|A, and let b 1 , . . . , b s be the components of G|B. Since P satisfies (II), it follows that for every i ∈ If A 0 = B 0 = ∅ and k = 1, then A is anticomplete to B, and we let case i = ∅. Otherwise, we consider the following cases, setting
(f) if there exist x, x ′ ∈ A, y, y ′ ∈ B, with x, y adjacent, x ′ non-adjacent to y, y ′ non-adjacent to x, and (consequently) x ′ adjacent to y ′ , and c(x), c(y), c(x
It is easy to verify that one of these cases occurs.
With the notation as above, if case i = (a) then we let R 
• For j = 1, 2, we proceed as follows. If S 
. It follows from the definition of Q that Q ∈ Q. Moreover, c is a precoloring extension of P ′Q by the definition of Q and P ′Q . This proves (18).
(19) P ′ satisfies (IV).
Suppose not; and let x − a − b be a path with x ∈ X ′ and a, b ∈ Y ′ with L P ′ (a) = L P ′ (b) = L. Since P satisfies (II) and (IV), it follows that x ∈ X, and so x ∈ Y and L P (x) = L. Moreover, since x ∈ X ′ \ X, it follows that x has a neighbor s
Since P satisfies (II) and (IV), and since s ′ is adjacent to x but not a, it follows that s ′ ∈ Y and L P (s ′ ) = L. Since s ′ has a neighbor x ∈ Y with a neighbor a ∈ Y ′ , it follows that x ∈Ỹ Q ∪Z Q . Since s ′ ∈ X, it follows that s ′ ∈ S 1 i ∪ S 2 i , and hence there exists i ∈ {1, . . . , r} such that
, (e), (f )}, and hence there is a vertex
i such that t ′ is adjacent to s ′ and v, but t ′ is not adjacent to u, and
is a path (since a ∈ Y ′ it follows that a is not adjacent to t ′ ); contrary to the fact that (II) holds for P . This is a contradiction, and (19) follows.
Since s ′ has a neighbor x ∈ Y with a neighbor a ∈ Y ′ , it follows that x ∈Ỹ Q ∪Z Q . This implies that there exist i ∈ {1, . . . , r} and j ∈ {1, 2, 3, 4} such that s ′ ∈ R j i . Since P satisfies (II) and (III), it follows that
such that u is adjacent to s ′ and v is not. It follows that case i ∈ {(d), (e), (f )}, and hence there is a vertex
i such that t ′ is adjacent to s ′ and v, but t ′ is not adjacent to u, and f
, it follows that t ′ is not adjacent to a. Now t ′ − x − a is a path in G, contrary to the fact that P satisfies (III). Thus,
, it follows that there is a path s
Since P satisfies (III), it follows that w is complete to x, a, b, c. But then x − w − c is a path, contrary to the fact that (III) holds for P . This implies (20).
, and P satisfies (16) for all lists, then
Suppose not; and let x − a − b be a path such that
Then there exist i ∈ {1, . . . , r} and j ∈ {1, 2} such that
, since P satisfies (16) for all lists. By construction, it follows that there is a path s 
Since s ′ has a neighbor x ∈ Y with a neighbor a ∈ Y ′ , it follows that s ′ ∈Ỹ Q ∪Z Q . Thus, there exist i ∈ {1, . . . , r} and j ∈ {1, 2, 3, 4} such that
is adjacent to s ′ and v, but t ′ is not adjacent to u, and f
is not a P 6 in G, it follows that u is adjacent to a.
is not a P 6 in G, it follows that v has a neighbor in {u, a, b}. Since f ′ (v) ∈ L 1 , it follows that v is non-adjacent to a. Thus v is adjacent to b. Since a, b ∈T Q , it follows that case i = (f ). By symmetry, we may assume that
Since P satisfies (III), it follows that t ′ − s ′ − x is not a path, and so t
, it follows that t ′ is not adjacent to a. Now t ′ − x − a is a path, contrary to the fact that (III) holds for P . This proves (21).
Suppose not; and let z − a − b − c be a path with
i , and let s be a common neighbor of
is not a path, it follows that z, a, b, c contains a neighbor of s ′ for every
, it follows that u is adjacent to a or c, and v is adjacent to b; and no other edges between u, v and a, b, c exist.
; but this contradicts (17). Since P satisfies (II) and (III), it follows that L P (z) = L 2 . Then z has a neighbor s
, and s ′ − z − a − b − c is a path. Suppose first that s ′ ∈ Y . Since P satisfies (II) and (III), it follows that 
Suppose not; and let z − a − b be a path with
; by construction, we may choose c to be non-adjacent to z.
is not a path, it follows that either s ′ or c has a neighbor in {a, b}. Since P satisfies (IV), it follows that s ′ − c − a is not a path. Since P satisfies (16) for all lists, it follows that z − a − b − c is not a path. Consequently, s ′ has a neighbor in {a, b}. It follows that f
= {u, v} and both u, v have a neighbor in {a, b}. Since a, binY ′ , it follows that both a, b have a non-neighbor in {u, v}. This is a contradiction by (17).
Since z ∈ Y and P satisfies (II) and (III), it follows that L P (z) = L 2 . Consequently, z has a neighbor s
Since s ′ has a neighbor z ∈ Y with a neighbor a ∈ Y ′ , it follows that s ′ ∈Ỹ Q ∪Z Q . Suppose first that s ′ ∈ X. Then there exist i ∈ {1, . . . , r} and j ∈ {1, 2} such that
, a contradiction. It follows that s ′ ∈ Y . Since P satisfies (II) and (III), it follows that L P (s ′ ) = L 1 , and there exist i ∈ {1, . . . , r} and j ∈ {1, 2, 3, 4} such that
By symmetry, we may assume that u is adjacent to s ′ and v is not. It follows that case i ∈ {(d), (e), (f )}, and hence there is a vertex
is not a P 6 in G, it follows that u is adjacent to a or to z. Note that if uz ∈ E(G), then z is adjacent to both s ′ and u, both of which are in S ′ and f (s ′ , u) ⊆ L 1 . This implies that z ∈ X ′ 0 . It follows that u is adjacent to a. Since t ′ − v − s − u − a − b is not a P 6 in G, it follows that v is adjacent to b. This contradicts (17) and concludes the proof of (23).
The statement of the lemma follows; we have proved every claim in (19), (20), (21), (22) and (23).
Lemma 23. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I), (II), (III) and (IV). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L satisfies (I), (II), (III), (IV) and (V).
of lists of size three, we repeat the following. Apply Lemma 22 to every member of L, replace L with the union of the equivalent collections thus obtained, and move to the next triple. At the end of thus process (16) holds for every P ′ ∈ L. Now repeat the procedure of the previous paragraph. Since at this stage all inputs satisfy (16) for every triple of lists, it follows that (V) holds for every starred precoloring of the output.
We now observe that the next axiom, which we restate, holds.
(VI) For every component C of G|Y , for which there is a vertex of X is mixed on C, there exist L 1 , L 2 ⊆ {1, 2, 3, 4} with
, and let C be a component of G|Y such that some vertex x ∈ X is mixed on C. Then C meets exactly two lists L 1 , L 2 , and
Proof. Since P satisfies (IV), Lemma 1 implies that C meets more than one list. By Lemma 1, there exist
. By Lemma 20 c is complete to {a, b}. But then x is mixed on one of {a, c}, {b, c}, contrary to (V). This proves Lemma 24.
The following lemma establishes that:
Lemma 25. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I), (II), (III), (IV), (V) and (VI). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs an equivalent collection L for P such that
• every P ′ ∈ L satisfies (I), (II), (III), (IV), (V), (VI) and (VII).
Proof. Let R = {T 1 , . . . , T r } be the set of all T ⊆ S with |f (T )| = 2, let S = {s 1 , . . . , s s }, and let
We let Q be the set of all (rst + 1)-tuples Q = (Q 1,1,1 , . . . , Q r,s,t , f ′ ), where i ∈ [r], j ∈ [s] and k ∈ [t], and for each i, j, k the following statements hold:
• Q i,j,k ⊆ X(T i ) and |Q i,j,k | ≤ 1;
• if Q i,j,k = {x}, then there is a component C of G|Y such that -s j has a neighbor in V (C); -some vertex of X is mixed on C, and C meets L and x has the maximum number of such components C among all vertices in X(T i );
• if Q i,j,k = ∅, then no vertex x ∈ X(T i ) and component C as above exist,
• LetQ = i∈{1,...,r},j∈{1,...,s},k∈{1,...,t} Q i,j,k , then f ′ :Q → {1, 2, 3, 4} satisfies that f ′ ∪ f is a proper coloring of G|(S ∪ X 0 ∪Q).
For Q ∈ Q, we construct a starred precoloring P Q from P as follows. We letZ Q be the set of vertices z in X \Q such thatQ contains a neighbor x of z with f ′ (x) ∈ L P (z), and let g Q :Z Q → {1, 2, 3, 4} be the unique function such that g Q (z) ∈ L P (z) \ f ′ (N (z) ∩Q). We letX Q be the set of vertices z in Y such that Q contains a neighbor x of z with f ′ (x) ∈ L P (z). We let
and let L = P Q : Q ∈ Q, f ∪ f ′ ∪ g Q is a proper coloring . It is easy to check that L is an equivalent collection for P .
Let Q ∈ Q, and let
. By construction, P Q satisfies (I). Since P satisfies (II), (III), so does P Q . Since P satisfies (II), it follows that P Q satisfies (IV).
(24) P Q satisfies (V).
Suppose not; and let a − b − c be a path with
Since P satisfies (V), it follows that a ∈ Y . Since P satisfies (II) and (III), it follows that L P (a) = L 2 , and there is a vertex x ∈Q, say x ∈ Q i,j,k such that x is adjacent to a and f ′ (x) ∈ L P (a). Since c ∈ Y ′ , it follows that x is not adjacent to c. Since x is mixed on a component of G|Y meeting L 1 and L 2 , and since P satisfies (VI), it follows that L P (x) = L 1 ∩ L 2 . Thus x − a − b − c is a path, and there is a component C of G|Y such that V (C) meets L 
It follows that a, b, c ∈ V (C), and so V (C) is anticomplete to a, b, c. By symmetry, we may assume that L
Since P satisfies (V) and (IV), and since x has a neighbor in C, it follows that x is complete to C and thus adjacent to d. Since L P (d) ∈ {L 1 , L 2 }, it follows that there is a vertex s ∈ S with f (s) ∈ L 1 ∩ L 2 and s adjacent to d. But then c − b − a − x − d − s is a P 6 in G, a contradiction. This proves (24). Now by Lemma 24, P Q satisfies (VI).
(25) P Q satisfies (VII).
Suppose not. Let C be a component of G ′ |Y ′ such that some vertex of X ′ is mixed on C, and with L 1 , L 2 as in (VI), and let v ∈ X ′ with N (v)
. Let s ∈ S with f (s) = [4] \ L 1 , such that s has a neighbor in C. Since P Q satisfies (VI), it follows that v is complete to C. We claim that every x ∈ X ′ ∩ Y is complete to C. Suppose that x ∈ Y ∩ X ′ is mixed on C. Since P Q satisfies (VI), it follows that L P Q (x) = L 1 ∩ L 2 . By symmetry, we may assume that L P (x) = L 1 , and therefore, x has a neighbor s inQ ∩ X and f (s) = L 1 \ L 2 . But then s is mixed on the componentC of G|Y containing V (C) ∪ {x},C meets L 1 and L 2 , and L P (s) = L 1 ∩ L 2 , contrary to the fact that P satisfies (VI). This proves the claim. Now since some vertex of X ′ is mixed on C, it follows that some vertex of X is mixed on C.
Next we claim that v ∈ X. Suppose v ∈ Y . Then there is a componentC of G|Y such that V (C) ∪ {v} ⊆ V (C). Since some x ∈ X is mixed on C, and since P satisfies (VI), we deduce that L P (v) ∈ {L 1 , L 2 }. Consequently, v has a neighbor s inQ. Therefore q ∈ X. Since v is complete to C, it follows that v has a neighbor n in C with L P (n) = L P (v). But then x is mixed on the edge vn, contrary to the fact that P satisfies (IV). This proves that v ∈ X.
By construction, Q contains an entry Q i,j,k with T i = T (v),
, and in view of the claims of the previous two paragraphs, Q i,j,k = ∅. Write Q i,j,k = {z}. Let C ′ be a component of G|Y meeting both L 1 and L 2 , such that some vertex of X is mixed on C ′ , and both s and z have a neighbor in C ′ . Since f ′ (z) ∈ L 1 ∪ L 2 , it follows that z is not complete to C. Since L P (z) = L 1 ∩ L 2 , it follows from the fact that P satisfies (VI) that z is not mixed on either of C, C ′ . Consequently, z is complete to C ′ , and z is anticomplete to C. Now by the maximality of z we may assume that v is anticomplete to C ′ . Since [4] \ L 1 ⊆ L P (z) = L P (v), it follows that s is anticomplete to {z, v}.
Let a ∈ V (C) ∩ N (s) and a ′ ∈ V (C ′ ) ∩ N (s). Since each of C, C ′ meets L 2 , we can also choose b ∈ V (C) \ N (s) and b ′ ∈ V (C ′ ) \ N (s). L P (z) = L 1 ∩ L 2 , there exists t ∈ T i with f (t) ∈ L 1 ∩ L 2 . Then t is anticomplete to V (C) ∪ V (C ′ ). It t is non-adjacent to s, then s − a − v − t − z − a ′ is a P 6 in G, so t is adjacent to s. If a is non-adjacent to b, then b − v − a − s − a ′ − z is a P 6 , so a is adjacent to b. But now b − a − s − t − z − a ′ is a P 6 , a contradiction. Thus, (25) follows.
This concludes the proof of the Lemma 25.
We are now ready to prove the final axiom.
(VIII) Y = ∅.
Lemma 26. There is a function q : N → N such that the following holds. Let P = (G, S, X 0 , X, Y, Y * , f ) be a starred precoloring of a P 6 -free graph G with P satisfying (I), (II), (III), (IV), (V), (VI), (VII). Then there is an algorithm with running time O(|V (G)| q(|S|) ) that outputs collection L of starred precolorings such that
• if we know for every P ′ ∈ L whether P ′ has a precoloring extension or not, then we can decide if P has a precoloring extension in polynomial time;
• |L| ≤ |V (G)| q(|S|) ;
• every P ′ ∈ L satisfies (VIII).
Proof. Let P = (G, S, X 0 , X, Y, Y * , f ). For every component C of G \ (S ∪ X 0 ), Let P C be the starred precoloring (G|(V (C) ∪ S ∪ X 0 ), S, X 0 , X ∩ V (C), Y ∩ V (C), Y * ∩ V (C), f ).
Then P C satisfies (I)-(VII). Let L 0 be the collection of all such starred precolorings P C . Clearly P has a precoloring extension if and only if every member of L 0 does, so from now on we focus on constructing an equivalent collection for each P C separately. To simplify notation, from now we will simply assume that G \ (X 0 ∪ S) is connected. In the remainder of the proof we either find that P has no precoloring extension, output L = ∅ and stop, or construct two disjoint subsets U and W of Y , and a subsetX 0 of X such that
• No vertex of X is mixed on a component of G|W ,
• For every component C of G|W , some vertex of X ∪ X 0 ∪ S is complete to C.
• There is a set F with |F | ≤ 2 6 of colorings of G|X 0 that contains every coloring of G|X 0 that extends to a precoloring extension of P , and F can be computed in polynomial time.
• P has a precoloring extension if and only if for some f ′ ∈ F (G \ U, S, X 0 ∪X 0 , X \X 0 , W, Y * , f ∪ f ′ )
has a precoloring extension.
• uv ∈ E(H C i ) for some i, or
• u, v ∈ X and uv ∈ E(G).
Let T (v) = T C (v) if v ∈ V (H) \ X, and let T (v) = M (v) if v ∈ V (H) ∩ X. By Theorem 9, we can test in polynomial time if (H, T ) is colorable. If (H, T ) is not colorable, then P has no precoloring extension; we output L = ∅ and stop. Thus we may assume that (H, T ) is colorable. Note that T (v) ⊆ {1, 2} for every v ∈ V (H). Next we will show H is connected, and therefore (H, T ) has at most two proper colorings, and we can compute the set of all proper colorings of (H, T ) in polynomial time. Suppose that H is not connected. Since each C i is connected, it follows that H|A C i is connected for all i, and since for every i, every vertex of X C i has a neighbor in A C i , it follows that H|V (H C i ) is connected for every i. Let D 1 , D 2 be distinct components of H. Since G \ (S ∪ X 0 ) is connected, there is exist p, q ∈ [l] such that V (H C p ) ⊆ D 1 , V (H C q ) ⊆ D 2 , and there is a path P = p 1 − . . . − p m in G \ (S ∪ X 0 ) with p 1 ∈ V (C p ) ∪ X C p , p m ∈ V (C q ) ∪ X C q , and P * is disjoint from l i=1 (V (C i ) ∪ X C i ). Since for every i, N (V (C i )) ⊆ S ∪ X 0 ∪ X C i , it follows that p 1 ∈ X C p and p m ∈ X C q , and P * is anticomplete to V (C p ) ∪ V (C q ). By Lemma 1, there exist a p , b p ∈ V (C p ) such that p m − a p − b p is a path, and there exist a q , b q ∈ V (C q ) such that p m − a q − b q is a path. But now b p − a p − p 1 − P − p m − a q − b q is a path of length at least six in G, a contradiction. This proves that H is connected. LetX has a precoloring extension for some f ′ ∈ F . Now we add U ′ to U , and Lemma 26 follows.
We are now ready to prove our the main result, which we restate:
Theorem 11. There exists an integer C > 0 and a polynomial-time algorithm with the following specifications.
for every (G
3. if we know for every P ∈ L whether P has a precoloring extension, then we can decide in polynomial time if (G, X 0 , f ) has a 4-precoloring extension; and
